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Abstract In dynamic force spectroscopy, access to the

characteristic parameters of single molecular bonds

requires nontrivial measurements and data processing as

the rupture forces are found not only to be distributed over

a wide range, but are also dependent on the loading rate.

The choice of measurement procedure and data processing

methods has a considerable impact on the accuracy and

precision of the final results. We analyze, by means of

numerical simulations, methods to minimize and assess the

magnitude of the expected errors for different combina-

tions of experimental and evaluation methods. It was found

that the choice of fitting function is crucial to extract cor-

rect parameter values. Applying a Gaussian function,

which is a common practice, is equivalent to introducing a

systematic error, and leads to a consequent overestimation

of the thermal off-rate by more than 30%. We found that

the precision of the bond length and the thermal off-rate, in

presence of unbiased noise, were improved by reducing the

number of loading rates for a given number of measure-

ments. Finally, the results suggest that the minimum

number of measurements needed to obtain the bond

strength, with acceptable precision, exceeds the common

number of *100 reported in literature.

Keywords Specific binding � DFS � Receptor–ligand �
Error propagation � Bond length � Thermal off-rate �
Monte Carlo simulation

Nomenclature

Bond strength Most probable rupture force

Accuracy A measure of the correctness of

the mean value of a data set

Precision A measure of the spread of values

of a set of data

RPDD Rupture probability density

distribution

KDE Kernel density estimation

SD Standard deviation

True bond strength The intrinsic bond strength of the

bond

True thermal off-rate The intrinsic thermal off-rate of

the bond

Introduction

Dynamic force spectroscopy (DFS) has become a common

and powerful tool for investigation of the intrinsic prop-

erties of single specific molecular bindings in biological

systems, such as receptor–ligand bindings. In DFS, a

gradually increasing tensile force is applied to a bonded

molecular pair, and the rupture force, when the molecular

bond is dissociated, is measured. Different experimental

techniques are available to separate single specific molec-

ular complexes, of which biomembrane force probes (Chen

et al. 2008; Merkel et al. 1999; Perret et al. 2004), atomic

force microscopy (Fuhrmann et al. 2008; Lee et al. 2007;

Marshall et al. 2005; Odorico et al. 2007a; Zhang et al.

2004), and optical tweezers (Arya et al. 2005; Bianco et al.

2007; Björnham et al. 2009) are the most commonly used.

The theoretical foundation of DFS (Evans and Ritchie

1997) is based on the original kinetic transition theory (Bell
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1978; Kramers 1940). The basic concept is that a molecular

binding experiences an exponentially increasing off-rate

when it is exposed to an external force. By increasing the

external force linearly with time (i.e., constant loading rate)

the binding is compelled to rupture within a sufficiently

short time interval with respect to the experimental time

scale. The minute force, often in the lower piconewton

range, at which the binding ruptures, is recorded and by

repeating the rupture experiment a large number of times

with the same loading rate, a frequency distribution of

rupture forces is obtained. A fitting procedure applied to

the force distribution provides a maximum frequency at a

certain force, which is defined as the most probable rupture

force or the bond strength of the bond, at the present

loading rate. It is a common practice in the literature to use

a Gaussian as a fitting function despite the fact that the

expected rupture force distribution is not Gaussian (Bartels

et al. 2007; Odorico et al. 2007b; Rico and Moy 2007;

Strunz et al. 1999). The influence of this discrepancy is

quantitatively investigated in detail in this study. Based on

kinetic transition theory, the bond strength depends linearly

on the logarithm of the loading rate. From this linear

relationship, information about the bond length and the

thermal off-rate, which are in general the two parameters of

greatest interest in DFS studies, can be explicitly derived.

These parameters can be used to describe the basic struc-

ture of the energy landscape of the molecular bond. This

procedure, applicable to so-called slip bonds, has been

practiced frequently in recent years (Berquand et al. 2005;

Björnham et al. 2009; Derenyi et al. 2004; Evans and

Ritchie 1997; Neuert et al. 2006; Schwesinger et al. 2000;

Yuan et al. 2000).

The lifetime of a molecular bond is governed by sto-

chastic thermal processes, which means that a single

measurement returns a rupture force that is a random

sample from a probability distribution. This distribution

has a variance that is reflected in the spread of the mea-

sured rupture forces. It has been assumed, in general, that

at least *100 measurements are needed to obtain the bond

strength with acceptable precision (Evans 1999; Merkel

et al. 1999; Touhami et al. 2007; Williams 2003). This

work is dedicated to analyze, by means of numerical

simulations, the magnitude of the expected errors in the

resulting parameters of a DFS analysis (the bond strength,

bond length, and off-rate) depending on the noise in the

system, but also the choice of measurement procedure, i.e.,

the number of loading rates at which measurements are

performed. In addition, examination of different data pro-

cessing methods and their impact on the accuracy and

precision of the results are conducted. These methods

include histogram representations and curve-fitting meth-

ods. The simulations are based on simulations of single-

state transitions. The results can be applied even for more

complex bonds, with several intermediate transition states,

since the analysis procedure for each state is the same as

for a single state. This analysis serves as a guide to

experimenters performing unbinding experiments of single

molecular bonds with DFS.

Theory

This work is based on the original bond kinetics theory

(Bell 1978), which was later refined (Evans and Ritchie

1997), and is exclusively dedicated to the common loading

case with a linearly increasing external force, i.e., constant

loading rate. This theory has been accepted as the standard

theory and is widely used to determine biophysical prop-

erties of specific bonds (Bartels et al. 2003; Björnham

et al. 2009; Teulon et al. 2008; Thormann et al. 2006).

Distribution of rupture forces

The rupture probability density distribution (RPDD) func-

tion, q(f), depends on the external force at the rupture

event, f, the bond length, xb, the thermal off-rate, koff
th , the

loading rate, r, and the thermodynamic energy unit, kBT,

where T is the absolute temperature and kB is Boltzmann’s

constant (Husson and Pincet 2008),

qðf Þ ¼ kth
off

r
e

fxb
kBTe

�kth
off

kBT

rxb
e

fx
b

kB T�1

� �
: ð1Þ

Here the loading rate, r, is the effective loading rate

experienced by the bond. Any elastic components in a

measurement system (e.g., elastic linkers connected to the

molecules) have to be accounted for by the experimentalist

to calculate the correct effective loading rate. Moreover, it is

here assumed that no nonlinear effects are present, which

means that the effective loading force increases linearly with

time. Rupture forces for a specific bond under the influence

of a linearly increasing force are, under ideal measurement

conditions, random samples from the distribution function

described by Eq. 1. A force frequency distribution can

be created from a set of rupture forces, by means of

histogram or density estimation, to which a fitting function is

applied.

Frequency distributions—histogram and density

estimator

Experimental data is collected into a frequency distribution

from which the bond strength can be derived using a fitting

function. Two common methods to compile the frequency

distribution are histogram and kernel density estimation

(KDE). In a classic histogram every data point is assigned
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to one bin exclusively. The bin width and bin placement

can be chosen arbitrarily. However, there are several the-

ories that predict the optimal bin width to achieve best

results (Hoaglin et al. 1983). It was later deduced that the

bin width should be set to 3.49sn-1/3, where s is the esti-

mate of the standard deviation (SD) and n is the number of

samples (Scott 1979). Another method, which also scales

the bin width with n-1/3, is the Freedman-Diaconis rule

(Freedman and Diaconis 1981), which is used in this work.

It states that the bin width, Dx, should be

Dx ¼ 2
IQR

n1=3
; ð2Þ

to achieve the best representation. Here IQR is the inter-

quartile range, which is defined as the total length of the

second and third quartile in a frequency distribution. This

corresponds to the length of the interval along the force

axis that divides the data points in such a way that 25% of

the data is left on both sides. The IQR for an ensemble of

an infinite number of measurements is directly given by the

distribution function, Eq. 1. As an example of a typical

distribution of rupture forces in a DFS experiment, the IQR

amounts to *13 pN for a bond length of 5 Å. This value of

IQR is virtually independent of the loading rate and the

thermal off-rate but depends on the bond length in such a

way that IQR, for instance, equals 22 and 9 pN for bond

lengths of 3 and 7 Å, respectively. For 100 measurements

and a bond length of 5 Å, the Freedman-Diaconis rule sets

the bin width at *5.6 pN.

In contrast to the discretization in the classic histogram,

KDE is a continuous representation with only one param-

eter to adjust. Every data point is replaced with a kernel,

here chosen to be a normalized Gaussian function, centered

at the data point with the width as the only degree of

freedom. The sum of the Gaussian curves constitutes a

continuous density estimate which is smooth in contrast to

a classic discrete histogram. The width of the Gaussian

curves has no, or very small, influence on the resulting fit

of the rupture force density function, up to a certain limit of

*10 pN (data omitted). The optimal width scales as n-0.2

(Turlach 1993), which results in a width of 2.3 pN for a set

of 100 measurements for a bond length of 5 Å. In the same

way as for the classic histogram representation, the bond

length sets this value, whereas the loading rate and the

thermal off-rate have only minor influences.

Curve-fitting functions

In general there are two different options of fitting functions

used in DFS: Gaussian (Bartels et al. 2007; Odorico et al.

2007b; Rico and Moy 2007; Strunz et al. 1999) and RPDD

functions (Eq. 1) (Morfill et al. 2007; Neuert et al. 2006;

Takeuchi et al. 2006; Tsukasaki et al. 2007). The choice of

a Gaussian function is assumed to be based on the fact that it

is a commonly used function in various fitting models and

that it is easier to implement than an RPDD function.

However, the RPDD function is favored by the fact that the

theory of binding probability predicts this highly asym-

metric distribution. The force that corresponds to the

maximum value of the fitting function is referred to as the

bond strength and is denoted by f* in this work, see Fig. 1a.

Distribution, accuracy, and precision of the estimated

bond strength

For a particular set of rupture forces (here denoted by

subscript i), the error of the bond strength, ei, is defined as

the difference between the bond strength obtained from the

fitting procedure, fi*, and the true bond strength, f*true,

ei ¼ f �i � f �true: ð3Þ

The true bond strength is defined as the inherent bond

strength of the binding complex under the specific

experimental conditions (temperature and loading rate).

The central limit theorem states that a large set of mean

values of independent random samples from a distribution of

data can be approximated by a normal density distribution.

The center value and the width of such a distribution describe

the expected value and the variance of the mean values

(Fig. 1b). The nonsymmetric distribution described by Eq. 1

and Fig. 1a has, in general, a mean value that is different

from the maximum. However, it is shown (Tees 2001) that,

although f* is different from the mean value, the difference is

virtually constant for the magnitude of variations in the

parameters that can be expected for rupture experiments.

This constant, relating the bond strength to the mean, is also

independent of the loading rate for typical binding

properties. This implies that the bond strengths and the

mean values have the same normal distribution except for a

constant shift along the force axis. In conclusion, the bond

strengths obtained from the fitting procedure form a normal

distribution and the distance from the center of this

distribution to the true bond strength is the expected error,

e, of the bond strength (Fig. 1b). The expected error is also

referred to as the accuracy. The SD of the distribution in

Fig. 1b is a measure of the precision of the bond strength,

which also can be seen as the reproducibility.

Evaluation of the bond length and the thermal off-rate

The bond strength, f*, can be expressed (Evans and Ritchie

1997) as

f � ¼ kBT

xb

ln
rxb

kth
offkBT

� �
: ð4Þ
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Normally in a DFS evaluation, the measured bond

strengths are plotted versus the logarithm of the loading

rates and, according to Eq. 4, a linear relation is expected.

A linear fit is applied to calculate the bond length and the

thermal off-rate. As a result of the central limit theorem,

deviations from this straight line are normally distributed

random errors, ei, with SD denoted by r. Furthermore, the

errors are assumed to have expectation values equal to zero

and constant variances with respect to the loading rate, and

to be independent of each other. These assumptions can

normally be justified. In this study, we have verified these

assumptions to be valid, by numerical simulations, for all

parameter values used. This implies that the uncertainty of

the parameters in the linear fit also follow a normal dis-

tribution (Mendenhall and Sincich 1995). The slope of the

fit supplies the bond length, whereas the intersection point

between the vertical axis and the interpolated fitting curve

reveals the thermal off-rate. The uncertainty of these two

parameters depends not only on the uncertainty of the bond

strengths but also on the choice of experimental procedure

such as the number of loading rates and their distribution

within the chosen range.

The Gauss–Markov theorem states that, in a linear

model, the best linear estimator is given by the least-

squares line (Fox 1997). Thus, the best fit to the measured

bond strengths is given by

f̂ � ¼ B0 þ B1ln r; ð5Þ

where f̂ � is the bond strength of the least-squares line, and B0

and B1 are the fitting parameters, sometimes referred to as

least-squares estimates. The least-squares line is defined as

the line that has the lowest sum of squares of errors (SSE),

SSE ¼
Xm

i¼1

f �i � f̂ �i
� �2 ¼Xm

i¼1

f �i � B0 þ B1 ln rið Þ
� �2

; ð6Þ

where m is the number of different loading rates ri. The SD

of the slope of the least-squares line is given as

rB1
¼ rffiffiffiffiffiffiffiffiffi

SSrr

p ; ð7Þ

and the SD of B0 is

rB0
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2

m

Pm
i¼1

ln rið Þ2

SSrr

0
BB@

1
CCA

vuuuuut ¼ rB1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

m

Xm

i¼1

ln rið Þ2
s

: ð8Þ

The quantity SSrr depends only on the distribution of the

loading rates and can be calculated as

SSrr ¼
Xm

i¼1

lnri � ln r
� �2

; ð9Þ

where ln r is the mean value of the logarithms of the

loading rates. The SDs of the fitting parameters, rB0
and

rB1
; can be calculated from the information of the SD of

the bond strengths and the distribution of the loading rates.

Further details of linear fits and the uncertainties of the

estimates can be found in textbooks (Mendenhall and

Sincich 1995; Taylor 1997).

It is obvious from Eqs. 7–9 that the loading rates, on the

logarithmic scale, should be chosen as far from the mean

value as possible to minimize the SDs of the fit. In practice,

this creates a dilemma since it is normally also of interest

to examine the linearity of the slope, and a somewhat even

distribution of the logarithms of the loading rates is

therefore desired.

The slope of the least-squares line supplies the bond

length as

xb ¼
kBT

B1

: ð10Þ

Any error of B1, referred to as rB1
; will propagate to the

bond length and result in an error, rxb
; that is given as

rxb
¼ �kBT

B2
1

� �
rB1

����
����: ð11Þ

Finally the propagation of error of the thermal off-rate,

rkth
off
; is obtained from the relation

B0 ¼
kBT

xb

ln
xb

kth
offkBT

; ð12Þ

Fig. 1 a Schematic illustration of the RPDD for a single measure-

ment. The peak corresponds to the bond strength, f*, as indicated in

the figure. b The measured bond strength follows a normal

distribution, where the offset from the theoretical bond strength,

f*true, is the expected error of the measurement. The precision of the

bond strength is defined by the SD of the distribution
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from which the thermal off-rate can be extracted and its

error derived as

rkth
off
¼ xb

kBT

� �2

e
�B0xb

kBT rB0

�����
�����: ð13Þ

The errors of B0 and B1 are normally distributed, which

implies that the errors of the bond length and thermal off-

rate are also normally distributed.

The procedure described above establishes a framework

to obtain the expected error and SD, which describe the

accuracy and the precision, of the bond length and thermal

off-rate. These parameters depend on the fitting results but

also the choice of experimental setup with respect to the set

of loading rates.

Simulation procedure

The simulation procedure models a DFS measurement

procedure as closely as possible. We used loading rates in

the interval 102–104 pN s-1 and assigned the values 5 Å

and 10-3 s-1 to the bond length and the thermal off-rate,

respectively. The latter two values, referred to as the true

values, are similar to the reported experimental values for

various single bonds (e.g., Berquand et al. 2005; Björnham

et al. 2009; Merkel et al. 1999; Neuert et al. 2006;

Schwesinger et al. 2000; Yuan et al. 2000). The temper-

ature was set at 25�C as experiments are normally

performed at room temperature. The first step in the pro-

cedure was to calculate the theoretical RPDD for a given

loading rate, by means of Eq. 1. A number of stochastic

rupture forces, obeying this probability distribution, were

then computer-generated. A frequency distribution was

constructed with the generated rupture forces, by means of

histogram or KDE. The bond strength was calculated by

fitting a function (a Gaussian or an RPDD) to the gener-

ated frequency distribution. The expectation value and

variance of the bond strength are of interest and were

calculated by repeating the simulation procedure a large

number of times (10,000) to obtain a smooth and repre-

sentative distribution of bond strengths. This distribution

had a Gaussian shape as a consequence of the central limit

theorem.

Simulation verification

An extraordinary careful simulation was initially per-

formed to ensure that the simulation algorithm was legiti-

mate and correct. For a loading rate of 100 pN s-1, rupture

force distributions each containing 109 measurements were

generated, which rendered, by the use of KDE and RPDD,

an expectation value for the bond strength of 77.3200 pN

to compare with the theoretical value of 77.3202 pN. The

difference of 0.2 9 10-3 pN verifies the validity of the

simulation procedure.

Noise modeling method

Noise, of both electronic and mechanical nature, arises

from all components in an experimental system. Exam-

ples of noise sources include fluctuations in laser

intensity and profile, optical resolution, mechanical dis-

turbances such as vibrations of components along the

optical path, electrical noise produced by photodetectors,

thermal vibrations, and amplifiers and other electronic

devices. Moreover, noise can also arise from artefacts of

the biological sample. The noise sources depend on the

instrumentation and the technique used. Data processing

can also introduce a certain amount of noise. The total

noise in the system is an accumulated sum of several

different noise sources, each with a possible unique

amplitude and distribution. This sum can be expected to

have an unknown nonconventional distribution. In this

work we implemented and examined the influence of

two common unbiased noise distributions: the normal

and the uniform distribution, respectively. We applied

the SD as a measure of the noise level in the case of

normally distributed noise, whereas for the case of

uniformly distributed noise the mean of the absolute

values was used. Note that the mean of the absolute

value of the normally distributed noise is *0.8 multi-

plied by the SD, which implies that applying a certain

level of noise from the two dissimilar distributions

results in a somewhat different amount of noise to the

systems. However, since the distribution of noise is

difficult or impossible for the experimentalist to control,

it is the qualitatively influence induced by the noise that

is of primary interest.

Frequency distributions of rupture forces from actual

measurements are often found to be broader than pre-

dicted by the standard theory. An acknowledged expla-

nation for the broadening is still lacking but can most

likely be described as a combination of contributions

originating from several different factors. Even though

this issue has been addressed recently (Raible et al. 2006;

Thormann et al. 2006), it is not clear how best to explain

or model this phenomenon. In the model used in this

work, two different noise distributions are applied which

both generate a considerable broadening effect of the

frequency distributions. This implies that we, in a phe-

nomenological manner, have varying broadening of the

frequency distributions that is realized by the introduction

of noise and that the distributions are based on the stan-

dard theory.
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Results and discussion

The results of the numerical simulations give quantitative

information concerning the accuracy and precision of the

extracted parameters which describe the uncertainty

depending on the measurement procedure. We scrutinize

the influence of frequency distribution method, fitting

function, noise, and the choice of loading rates.

Frequency distributions

The comparison between the classic histogram and the

KDE representation for creating a frequency distribution

resulted in weak differences (\0.1 pN) of the bond strength

(Fig. 2a). The results using the RPDD fitting function show

that the KDE has lower variance, although the difference is

significant only for a small number of measurements (\60).

The expected error in the case with the histogram was

slightly smaller (*0.05 pN for a large number of mea-

surements) but also fluctuated as a result of bin placement

for sets with few measurements. Note that the scale in

Fig. 2a is significantly more detailed for the expected error

than for the SD. For a larger number of measurements

([200), the accuracy and precision of the bond strength

were practically similar for both methods. This fact holds

for all levels of noise (data omitted), and the choice of

method to create the frequency distribution was therefore

found to have only limited influence on the resulting bond

strength. However, the higher variance and instability of

the classic histogram data (Fig. 2b) when the number of

measurements is small (\100) can impact the interpretation

and identification of multiple and nonspecific bindings,

which suggests that KDE is the more reliable method. The

oscillation of the expected error for the histogram data is

caused by high sensitivity to the bin positions, i.e., the free

choice of the position of the first bin.

Curve-fitting functions

In contrast to the similar behaviour of the two representa-

tions of the frequency distribution, the Gaussian and the

RPDD fitting functions delivered results with significant

differences. The most evident difference was that the

Gaussian fitting function consistently returned a substantial

expected error of the bond strength with a negative offset.

Even under perfect conditions with several hundred noise-

free measurements the expected bond strength obtained

from fits with a Gaussian function underestimated the true

bond strength by *2.3 pN (Fig. 3a, dashed gray line). This

significant error is a result of the fact that the RPDD has a

highly nonsymmetrical shape along the force axis, with

64% of the cumulative rupture probability for forces below

the true bond strength (Fig. 1a). As a result, the symmetric

Gaussian function is centered at a force lower than the true

bond strength. A great improvement was achieved when

the RPDD function was applied. The expected error was

close to zero even for a small number of measurements,

and approached zero in the limit of an infinite number of

measurements (Fig. 3a, dashed black line).

Noise-induced error

The actual distribution of noise in a measurement is often

impossible to determine. Two commonly used functions to

describe noise distributions are the uniform and normal

distributions (Bryson et al. 2008; Cheng et al. 2005;

McSharry and Smith 1999; Schuck 2000). These two dis-

tributions have different impact on the results, which arise

from their interactions with the fitting functions. The

expected error originating from all four combinations of

fitting functions and noise distributions are plotted in

Fig. 3b. It is evident that the choice of fitting function has a

profound impact on the accuracy of the results. A very

Fig. 2 a The solid lines show the SD of the bond strength

distributions, whereas the dashed lines show the expected errors of

the bond strengths. Black and gray lines refer to data from histogram

and KDE representations, respectively. The SD and expected error of

the bond strengths are nearly equal for the two methods of generating

the frequency distribution. The KDE has a lower SD but an expected

error that is slightly larger than for the classic histogram. For a small

number of measurements the classic histogram representation is

sensitive to bin placement. b Differences of the expected errors

(dashed line) and of the SD (solid line) for two different placements

of the bins (shifted by half the bin width) for the classic histogram

representation when no noise is present. The instability for data sets

with few points (\100) is evident. The RPDD is used as the fitting

function for all points
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interesting observation is that normally distributed noise

has virtually no impact on the expected error of the bond

strength from an RPDD fit (Fig. 3b, dashed black line).

This is in contrast to uniformly distributed noise that

induces an expected error that increases strongly with noise

level above 6 pN (Fig. 3b, solid black line). This phe-

nomenon is explained by the fact that the extreme values of

the applied uniform noise have different effects on the

fitting procedure. Data points that are strongly displaced by

the noise force the RPDD fit to higher values. This is

caused by the fact that noise has a diffusive effect on the

frequency distribution which means that rupture force data

are effectively displaced in both positive and negative

directions from the bond strength value. The RPDD is

asymmetric in such a way that the rupture forces that are

displaced in the positive force direction induce a larger

error of the fit. This leads to a displacement of the fitting

curve towards higher forces. This effect is more pro-

nounced for the uniform distribution than for normally

distributed noise since the probability for strong noise is

higher in the former case.

Interestingly, the opposite effect is observed for the case

with a Gaussian fitting function (Fig. 3b, solid and dashed

gray lines). Notice that the error is significant even under a

noise-free condition. The absolute error increases almost

linearly with noise level for both the uniform and the

normal noise distributions. The difference between the

noise dependences of the two fitting functions is caused by

noise-induced alterations of the rupture force frequency

distribution curves. Even though the mean values of the

frequency distribution curve remain unchanged, the alter-

ation of the shape actuates the resulting bond strengths

from the fits to drift in opposite directions.

The SD of the distribution of the bond strength from a

fitting procedure describes the precision of the retrieved

bond strength (Fig. 1b). The number of measurements, the

noise level, and the noise distribution are parameters that

influence the SD, as illustrated in Fig. 4a and b. It is

apparent that the SD of the bond strength distribution is

fairly stable for low levels of noise but increases strongly at

higher noise levels. By comparison between Fig. 4a and b,

we can also observe that uniformly distributed noise

increases the SD more strongly than normally distributed

noise. Therefore, uniformly distributed noise induces both

higher expected errors (Fig. 3b) as well as higher SD than

normally distributed noise.

The effect of the fitting function for three different noise

levels (0, 6, and 10 pN) is illustrated in Fig. 5a and b. The

RPDD function results in accurate bond strengths with

acceptable variance in general, for both uniformly and

normally distributed noise, but fails when the amplitude of

the uniformly distributed noise exceeds 6 pN. In contrast,

the bond strength generated from a Gaussian fitting func-

tion constantly underestimates the true bond strength. The

probability distributions illustrated in Fig. 5a and b exhibit

small variations between the case with uniformly and

normally noise distribution, with the exception of high

noise levels for the RPDD fitting function.

Accuracy and precision of the bond length

and the thermal off-rate

Normally, an experiment is restricted to a certain interval

of loading rates (rmin, rmax), due to both the instrumentation

and practical limitations. The limiting factors can be the

time to conduct the measurements and time-dependent

Fig. 3 a The expected error and SD of the bond strength for Gaussian

and RPDD fitting functions, respectively, without noise in the system.

Solid and dashed lines refer to the SD and the error of the expectation

value of the bond strength, respectively. Black and gray lines refer to

the RPDD and the Gaussian fitting functions, respectively. b The

expected error of the bond strength as a function of the noise for all

four combinations of fitting functions and noise distributions. Solid
and dashed lines refer to uniformly and normally distributed noise,

respectively. The black lines indicate RPDD and gray lines indicate

Gaussian fitting functions. Results from the RPDD fits show high

accuracy for both noise distributions up to 6 pN, after which the bond

strengths become overestimated for uniformly distributed noise.

Normally distributed noise has little effect on the expectation value of

the bond strength. The obtained bond strength consequently under-

estimates the true bond strength when a Gaussian fitting function is

used. In this case the noise distribution has little effect on the

expected error, although uniformly distributed noise shifts the

expectation value the most and induces the largest error. All values

are taken as the mean values for the entire range of number of

measurements
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alterations of the biological system. Furthermore, the total

number of measurements, N, is a limiting factor, whereas

the distribution of the m different loading rates ri can be

chosen arbitrarily within the allowed loading rate interval.

An important issue to address is if the experimentalist

should cover a large number of loading rates with only a

few events each or a few loading rates with a large number

of events each.

The applied noise discussed so far in this study is

exclusively unbiased. However, it is also important to

consider the case when a systematic error is present in only

a part of the measurement data. For instance, consider the

situation where an error in the calibration procedure of the

force transducer occurs for one loading rate. This would

result in a shift of the bond strength for that particular

loading rate while the other bond strengths are unaffected.

The resulting error from the fitting procedure is presented

in Fig. 6a for the worst-case scenario when the forces at a

limiting loading rate, here the lowest loading rate, suffer

from a systematic error. The resulting error in thermal off-

rate and bond length originating from this systematic error

is substantial. The problem in this particular example

could, in practice, be reduced by avoiding that any data

point completely relies upon one particular calibration.

Systematic errors can, in general, be eliminated or mini-

mized by careful measurement procedures, which is in

contrast to random noise that is inherent in the system (e.g.,

thermal vibrations). In the following we analyze the

accuracy and precision of the thermal off-rate and the bond

length in the case with unbiased random noise.

From the results presented hitherto, we conclude that the

RPDD function applied on KDE provides the most accurate

and reliable results, with a negligible expected error.

Therefore, we used this combination exclusively in the

following analysis. Measurements with different loading

rates are, in practice, necessary to obtain the bond length

and thermal off-rate by means of DFS. Our simulations

demonstrate that the errors and SDs of the bond strengths

are virtually independent of the loading rates, at least

within the interval treated here. This means that the results

showed above (for a loading rate of 100 pN s-1) apply for

the bond strengths at all relevant loading rates.

In this work, the SDs for the bond length and the thermal

off-rate were assessed for a fixed number of N = 1,000

measurements, which is a reasonable number in practical

situations. The measurements were partitioned into m

loading rates in the interval 102–104 pN s-1. For all cases,

the upper and lower limits of loading rates were used, and

Fig. 4 SD of the bond strength distribution as a function of number of

measurements for different noise levels in the system. a and b display

data for uniformly and normally distributed noise, respectively. The

noise levels are 0 (asterisks), 2 (open diamond), 4 (plus), 6 (open
square), 8 (open circle), and 10 (multiply) pN. The RPDD fitting

function has been used in all cases

Fig. 5 Probability distribution for bond strength as a function of the

fitting function and the noise level for sets of 100 measurements.

Black and gray lines represent distributions with RPDD and Gaussian

fitting functions, respectively. The accuracy and precision is studied

for three different noise levels: 0 pN (solid), 6 pN (dashed), and

10 pN (dotted). The noise has uniform and normal distribution in

a and b, respectively. If a Gaussian fitting function is used, the

probability of acquiring the true bond strength is negligible. The

vertical gray line marks the true bond strength value
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the other m - 2 loading rates were chosen to be evenly

distributed with respect to the logarithmic scale within the

interval. We calculated the resulting precision of the bond

length and thermal off-rate for various numbers of loading

rates in the interval 2 B m B 50.

Two opposing factors, the uncertainty of the calculated

bond strength and the number of loading rates, govern the

uncertainty of the bond length and thermal off-rate. The

SSrr factor increases with the number of loading rates,

which decrease the uncertainty of the fit, see Eqs. 7–9. On

the other hand, with a larger number of loading rates, the

number of measurements for each point becomes smaller,

which results in a higher uncertainty of the bond strength.

The relation between these two factors, which is given by

Eq. 7, determines how to choose the number of loading

rates to achieve best precision. Figure 6b illustrates how the

factors scale with the number of loading rates. The results

displayed in Fig. 6c demonstrate that they virtually elimi-

nate each other for large number of loading rates. However,

the best results are achieved by focusing on the precision of

the bond strengths. With only two loading rates used, the

SD of the bond length and the thermal off-rate amounts to

0.087 Å and 0.13 9 10-3 s-1, respectively, under noise-

free conditions, and 0.14 Å and 0.21 9 10-3 s-1 with

10 pN amplitude of normally distributed noise.

The most evident change when a Gaussian fitting

function is applied in lieu of an RPDD function is that all

bond strengths are shifted towards lower forces, which is

equivalent to introducing a consequent systematic error.

This phenomenon does not influence the assessed bond

length since it is calculated from the slope, although higher

uncertainty of the Gaussian fit causes the SD of the bond

length to increase by *15%. The thermal off-rate, on the

other hand, is strongly affected. The true thermal off-rate of

1.0 9 10-3 s-1 is found to be 1.33 9 10-3 s-1, with an

SD that increases substantially, by a factor of 1.5.

The SD of both the bond length and the thermal off-rate

scales linearly with the SD of the bond strengths, see

Eqs. 7–13. The SD for any bond strength can be found

from Fig. 3a for N/m measurements. This implies that an

increase in the total number of measurements, for a given

number of loading rates, will shift the SD of the bond

strength according to the curve in Fig. 3a. This, in turn, has

a linear impact on the resulting SD of the bond length and

thermal off-rate. The qualitative dependence of the number

of loading rates (Fig. 6c) therefore only has a minor effect

by a change in N, i.e., the shape of the curves will remain

nearly the same. The conclusion that the best precision is

found with few loading rates thus holds regardless of the

total number of measurements.

In conclusion, systematic and unbiased random errors

have an opposite effect on the precision of the results. A

large number of loading rates is less sensitive to occa-

sionally systematic errors, whereas a small number of

loading rates is favorable to minimize the effect of random

unbiased noise and the stochastic nature of binding rupture

forces themselves. If there is a reason to expect an occa-

sional systematic error, the experimentalist has to consider

the basic fact that fewer loading rates are preferable for

better precision and weight this against the stabilizing

effect of many loading rates as a consequence of the sys-

tematic error.

Conclusions

The distributions of error in the parameters commonly

acquired by the standard method in DFS (bond strength,

bond length, and thermal off-rate) were investigated in this

study. This can serve as a guide for the experimentalist to

estimate the uncertainty of the parameters acquired from

DFS measurements. In conclusion, bond strengths retrieved

Fig. 6 a A systematic error, esys, in all measurements at one

particular loading rate introduces a substantial error. This error is

suppressed by a large number of loading rates which therefore, in this

context, is advantageous. The bond strength at the lowest loading rate

has been assigned a constant additive force that represents the

systematic error. The effect of this error is maximized since it has

been applied to one of the limiting data points. A relative error of 1%

corresponds to a systematic error of *0.77 pN in this case. b The two

opposing factors for calculating the errors of the fitting parameter B1.

Solid and dashed lines refer to 1/sqrt(SSrr) and the error of the bond

strength, respectively. c The SD of the errors in bond length and

thermal off-rate as a function of the number of different loading rates

used under noise-free conditions (black) and 10 pN normally

distributed noise (gray). Solid and dashed lines correspond to bond

lengths and thermal off-rates, respectively. The best results, in

presence of unbiased errors only, are obtained with few loading rates
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when a Gaussian fit was applied to the frequency distri-

butions of rupture force data are expected to underestimate

the true value in all conditions addressed in this work. As a

result, the thermal off-rate in such a DFS study can be

expected to be strongly overestimated. In contrast, the

results are far more accurate in the case with the RPDD

function and this choice is strongly recommended. The

RPDD fitting function is also, in the general case, less

sensitive to noise than the Gaussian. Uniformly distributed

noise has a more disturbing effect than normally distributed

noise, and can even deteriorate the accuracy of the RPDD

fitting function under heavy noise. Moreover, the intro-

duction of noise into the modeling procedure can be con-

sidered as an approach to take into account different

random variations (whose origins may be unknown) of the

physical properties in an actual measurement. The varia-

tions induce, quite naturally, a significant broadening of the

force distributions, and for this reason most experimental

distributions are broader than expected by the standard

theory. It is of high priority to establish the bond strengths

with as high accuracy and precision as possible. Therefore,

the number of different loading rates should be kept to a

minimum to achieve best precision. The price to pay for

this precision is a reduction of the number of investigated

loading rates, which reduces the possibility to assess the

linearity of the bond strength dependence on the logarithm

of the loading rate. The resulting parameters also become

more sensitive to occasional systematic error when the

number of loading rates is small.

The ‘‘breakpoint’’ found in literature for the minimum

number of measurements to obtain an acceptable precision

of the bond strength is in general *100. The slope of the

SD curves, displayed in Fig. 3a, is a measure of the

increase in precision as a function of N. We observe that

the slope of the SD curves become shallower as N

increases, which implies that the benefit, in terms of

increasing precision, from each additional measurement

decreases with N. The relative improvement of the preci-

sion of the bond length and thermal off-rate for one addi-

tional measurement is 0.84%, 0.48%, and 0.32% for

N = 50, N = 100, and N = 200, respectively. However,

since the slope is still relatively steep at N = 100 it is

suggested that a greater number of measurements than 100

would be preferable as a lower limit.

Table 1 presents a qualitative concluding overview of

the influences of the different factors in the DFS procedure.

The impact of each procedure/type on the accuracy and

precision of the three investigated parameters (bond

strength, bond length, and thermal off-rate) is ranked with

plus or minus symbols to indicate better and worse accu-

racy and precision, respectively. We conclude that the

KDE and RPDD are the beneficial choices in DFS analysis.
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